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as: 

5 '. Abstract. Let M be the product of two compact Hamiltonian 

"^s ■ T-spaces X and Y . We present a formula for evaluating integrals 

OO ! ° n the symplectic reduction of M by the diagonal T action. At 

every regular value of the moment map for X x Y , the integral is 
the convolution of two distributions associated to the symplectic 
■ reductions of X by T and of Y by T. Several examples illustrate 
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the computational strength of this relationship. We also prove a 
linear analogue which can be used to find cohomology pairings on 
toric orbifolds. 



1. Introduction 



Let (M, u) be a symplectic 2n-dimensional manifold with a Hamil- 

i/-} ! tonian action by a compact torus T . This is equivalent to the existence 

CN ' of a moment map given by an invariant map 
OO ' 

O . a : M — > i* 

O ' satisfying 

^ ! (1) d(fi,x) = l Vx uj 

for all x G t, where V x is the vector field on M generated by x. We say 
that M is a Hamiltonian T-space, and we denote \i by \i M when the 
manifold is not obvious. The torus T acts locally freely on any level 
^ ■ set provided t is a regular value of /i. The symplectic quotient 

defined by 

M t :=^\t)/T 

is a manifold in the case that T acts freely, and more generally may have 
orbifold singularities. M t inherits a symplectic form uj t from lu, and so 
it is a symplectic orbifold. The topology of symplectic reductions is 
somewhat elusive, and much work has been centered on understanding 
the relationship between M and M t as t varies. One avenue to under- 
standing the topology of M t is through cobordism and wall-crossing 
formula (see for example j2H]> [Zj, [20]; CH])- From the point of 
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view of calculating the cohomology, one can study the ring structure 
of H*(M t ) (see [2T], M [IB] among others), or one can study the 
cohomology pairings (integrals) on M t (as done in jTH], [%7j - [TT] . [Hj). 
By Poincare duality, both the ring H*(M t ) and integrals on M t give 
the same information, but in practice it is hard to translate from one 
to the other. In this paper, we consider the integral 



where a is a cohomology class on M t . In the case that a = 1, this 
integral is the symplectic volume of M t and is well-known to vary poly- 
nomially in t [4 ; a formula may be found in ^3] • 

We are interested in the case in which M is a product of Hamiltonian 
T-spaces, considered under the diagonal action. Many of the objects 
and results we use in this paper are well-described in the literature; 
our main results are an application of these theorems in the case that 
M is a product. This provides a tool to compute cohomology pairings 
on moduli spaces such as k points on CP n , or polygon spaces. In each 
case, the moduli space can be realized as a symplectic quotient of a 
product of Hamiltonian spaces. The strength of our formula is that it 
lends itself readily to calculation. For example, when the individual 
spaces are toric varieties (as in the case of CP fc 's), the product formula 
describes the integral on the symplectic reduction of the product (by 
the diagonal action) in terms of characteristic functions (1 or 0) on the 
moment polytopes of the individual terms. Our first example will show 
how this procedure works when M is a product of S 2, s. In the case 
that M is a product of vector spaces, our formula provides a means of 
integrating pairings on toric orbifolds using techniques similar to those 
found in ^3] for toric manifolds. 

While our results describe the behavior of Hamiltonian T spaces, 
integrals of reduction by a general Lie group G may be deduced by 
using results of the second author . Suppose that G is a connected 
compact Lie group, and that T is a fixed maximal torus. Suppose that 
G acts on M in a Hamiltonian fashion. Let [iq be a moment map for 
the G action on M, and M//G := ^(ti)/G. Assume also that M//G 
is a manifold, as is M//T := M , the symplectic reduction by T at 0. 



where W is the Weyl group and a satisfies the property that its restric- 
tion to /ig 1 (0)/T equals the pull-back of a to the same space under the 
projection /x^ 1 (0)/T — > M//G. The class e is defined as follows. Let 
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A be the set of roots of G. To each root a let L a := /i^ 1 (0) x T C( a ), 
where C( a ) is the 1-dimensional representation of T given by the root 
a. Then L a is a line bundle over M//T with Euler class e(a). Define 

e = IL e A e ( a )- 

Before we state the main theorems, we recall two relevant features of 
equivariant cohomology. We discuss equivariant cohomology in more 
detail in Section ETT1 The inclusion t : yT l (t) M induces a map on 
equivariant cohomology i* : Hj>(M) — > ify(/z _1 (t)). When T acts lo- 
cally freely and the cohomology is in complex coefficients, if£(/i _1 (t)) = 
H*(M t ). The composition of these maps is termed the Kirwan map 

K t : H*(M) — ► iT(M t ). 

and is well known to be a surjection |21j . 

Definition 1.1. Suppose that a G H^(M). We define a function Im{&) 
on the set of regular values of fi on t* by 

(3) hi{a){t) := [ K t {a)e^. 

J Mt 

Thus Im{o) is the integral over the reduced space of Kt(a) multiplied 
by (a constant and) an appropriate power of the reduced symplectic 
form. It should be noted that u> t is not K t (u), where a) is a (particular) 
equivariant symplectic form: see the proof of Lemma 15.11 Note also 
that /m( q ) = if a is homogeneous of degree k, with k > dimM t . 

Suppose that a is a homogeneous class of top degree on M t , and 
let a G H^{M) be such that K t (a) = a. Then Expression (J2J) may be 
written 

/ ae^ = / a = I M (a)(t). 

J M t J M t 

As t varies, there is a natural diffeomorphism among M t . Thus this 
equality holds in a neighborhood of a regular value of \x. 

Let M = XxY be a product of two compact Hamiltonian T spaces X 
and Y, considered as a T-space under the diagonal action. In Appendix 
A we give a proof of the equivariant Kiinneth theorem: 

(4) H*(M) = H* T {X) ® H * T{pt) H* T {Y) 

We use IKI to denote this tensor product over the module H^ipt). We 
may now state the main results. 

Theorem 4.1 (A convolution formula for compact manifolds). Let 

X and Y be compact Hamiltonian T-spaces with isolated fixed point 
sets X T and Y T , respectively. Let M = X x Y , and consider M 
a Hamiltonian T space under the diagonal action. For any class of 
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the form a Kl b G H^(M), there exist distributions Jx(o>), Jy(b) and 
Jm(oj ^ b) on t* such that 

J M (a®b)(t) = tAi^(g) * Mb)(t) 

and, for regular values of t 

I M (a H &)(*) = T^-Ma B &)(*). 

The distributions Jx{a), Jy{b), and Jm(oj M b) are defined by Equation 
KTtyl . Jx( a ) involves fixed point data of the T action on X, such as the 
moment map values at the fixed points, the weights of the T action on 
the tangent space at the fixed points, and the values of the equivariant 
cohomology class a restricted to the fixed points. From the point of 
view of its definition, it is a very different object than the integral 
function Ix{a). 

A linear version of this theorem can be deduced from results found in 
[T3| . Let V and W be symplectic vector spaces with a proper moment 
map \x on V x W. Again, we save the definition of Jy(a) for Section 

Theorem 5.2 (A convolution formula for symplectic vector spaces). 
Let V and W be symplectic vector spaces with Hamiltonian torus ac- 
tions by T. Let ati, . . . , a n be the weights of this action on V and 
Pi, . . . , p m be the weights on W. Assume that there is a proper mo- 
ment map n : V x W — > t* for the diagonal T action on V x W . Let 
aMb be an equivariant cohomology class on V x W . Then 

J VxW (a M b)(t) = J^y^ J v(a) * J\v(b). 

and, for regular values t of \l, 

Iv*w{cl H &)(*) = j^Tj;Jvxw{a B b)(t). 



The compact version may also be deduced from the linear case using 
cobordism, which we discuss in Sectional 

Each distribution Jm is, up to a constant, the Fourier transform of 
the pushforward to a point of an appropriate equivariant cohomology 
class. The localization theorem is a formula for the pushforward as a 
sum of rational functions. The main contribution of this article is to 
show that, in the case of product manifolds, we gain enormous com- 
putational strength using these formulas and their Fourier transforms. 
The linear analogue provides a tool for finding cohomology pairings on 
toric orbifolds. 
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2. Background 

2.1. Equivariant cohomology in the Cartan Model. Let M be 

a compact manifold of dimension 2n with a smooth action by a fc- 
dimensional compact torus T. Denote the Lie algebra of T by t. The T- 
equivariant cohomology of M may be defined using the Cartan model: 
let 

(5) Q* T {M) = tt*(M) T ® S(t*) 

where S(i*) is the set of polynomials on t, and Q*(M) T is the set 
of smooth invariant differential forms on M. The differential on the 
complex may be defined by 

k 

d T = d <8> 1 — i ivj <2) Uj 
j'=i 

where {ej},j = 1, . . . , k is an orthonormal basis for t and «j are co- 
ordinate functions such that Uj(x) = Xj = (ej,x) for any x G t, and 
z = v /— 1- The vector fields Vj on M are generated by the action of ej, 
and iy. is an anti-derivation which evaluates forms on Vj. In particular, 
let a e Q*(M) T and / G S(V). Then 

c?t(« ® /) = da <8> / — 2 2^ iy^.a <8> 

We assign elements of ^(t*) the degree 21. In particular, degUj = 2, 
so the differential increases degree by 1. 

The cohomology ring H^(M) is then the cohomology of the complex 
Vt* T (M) with the differential dr- 

Suppose that M is equipped with a symplectic form uj, a Hamiltonian 
group action T, and moment map fj, : M — > t*. There exists a (in- 
closed equivariant symplectic form 

Cj = u + i(fi, x) 

= uj <g> 1 + i / ]{fJi, ej) <S> Uj. 
j 

A direct computation and the moment map condition JIJ show that 
druj = 0. 

2.2. The pushforward map. Suppose M is a compact manifold with 
a smooth T action, and consider the map p : M — > pt. The pushfor- 
ward map 

pf : H*(M) — . ^(pi) 
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in the Cartan model can be described explicitly using ordinary inte- 
gration of ordinary forms. Let a = ^\ where j is a multi-index 

j = (ji, . . . , jk), Oj is a de Rham form on M, and v? — u 3 i ■ ■ ■ u 3 k k . Then 
the pushforward map may be defined by 



(6) pf (a) := V / aj U 



In particular, the integral picks out the degree 2n component of each 
Oj. The pushforward map can be extended to formal power series of 
polynomials on t (elements of S(t*)) with values in Q*(M) by applying 
the pushforward © term-wise. Suppose that a is a homogeneous form 
of degree I. The right hand side of (jUJ) is if I < dimM. If I > dimM, 
it is possible that the pushforward is nonzero, for the right hand side 
may pick up a term in Q dimM (M) ® S-'(t), where j > 0. 

The localization formula expresses this pushforward as a sum of in- 
tegrals on fixed point sets. We state the theorem here for isolated fixed 
points. 

Theorem 2.1. PQ,[2] Let M be a compact manifold with a smooth T 
action, where T is a compact torus. Assume the fixed point set M T is 
isolated. Then 

Ml ^ 



(7) Pf{a) 



^ e F 

FaM T 



where lf '■ F M and l* f is the induced map on cohomology, and ep 
is the equivariant Euler class of the normal bundle to F in M . 

We briefly address the non-isolated fixed point case in Section [7| 
The expressions on the right hand side in (JJJ) may be simplified. 
The inclusion map i* F (a) picks out of each a- } the degree-0 part 
and evaluates at F. The equivariant Euler class ep is the product of 
the weights jf, . . . , 7^ (possibly with repeats) occurring in this linear 
representation of T on TpM. Thus we rewrite 

(°) p. w - 2^ rp ~f ■ 

In this light perhaps (a) is more obviously a function on t. The 
pushforward of the "formal" form a A e u is evaluated by expanding e w 
into its Taylor series. 
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3. The Fourier transform of the pushforward map and 
Jeffrey- Kirwan abelian localization 

We begin by establishing conventions. Let S denote the space of 
Schwartz functions. We define the Fourier transform of G S by 

T{<j>){t) = [ e~ ix4 (f>(x)dx 

and the inverse Fourier transform by 

Then the Fourier transform of an arbitrary tempered distribution h 
(continuous linear function on S) is defined by 

We follow JT] in constructing a distribution which serves as a Fourier 
transform of the pushforward map, after a choice of polarization of the 
T action on M. Consider the distribution h 7 , with 7 G t*, given by 

POO 

(9) (fh,<p) = / v(s-i)ds 

Jo 

for any (smooth, compactly supported) test function if on t*. For any 
fixed point F G M T , let {7_f}" =1 be the set of weights occurring by 
the T action on the tangent space TpM. We polarize the weights as 
follows. Choose £ G t such that 7/(6) 7^ for any j and any F. Then 

let -yf* = ef 7/, where ef = 1 if 7/ (£) > and ef = -1 if 7/ (£) < 0. 
It is then clear there is a half-space in t* on which all the distributions 
h f,( are supported. For any fixed F, the convolution h f,c * ■ ■ ■ * h F,e, 

is well-defined and supported on this same half-space. 

Let e F = Ylj e j- Let a = a i ® u * be an equivariant class on 
M, where j is a multi-index, and aj are differential forms on M. For 
j = (jx,j2, ■ ■ ■ ,jk), let d* be the differential operator given by 

, , d \ n ( 8 V 2 ( 8 

Finally, we define 
(10) 



du 1 I \du2J \duk 



J M (a) 



FeM T V j / 
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where S^p) is the delta distribution centered at f-i(F), and |j| = j\ + 
■ ■ ■ + jk- The following results set the context for this paper. The first 
is a version of the Jeffrey-Kirwan Abelian localization theorem |16j . 

Theorem 3.1 (Jeffrey-Kirwan). Let M be a compact Hamiltonian T 
space with isolated fixed points. Let Im{cl) be defined as in Equation 
If t is a regular value of the moment map, then 

hi{a){t) = j^—J M ( a )(t). 

The following result can be found in JT] and is what makes the 
distributions Jm(o) so readily computable. 

Theorem 3.2 (Guillemin). Let M be a compact symplectic manifold. 
Suppose T acts on M in a Hamiltonian fashion with isolated fixed 
points. Let f a (x) = p* f (a A e u )(x) be the pushforward of the formal 
equivariant form a A e w to a point. Then f a is a function of tempered 
growth whose Fourier transform is 

F(f a )(t) = (2m) n J M (a)(t). 

In particular, Jm(o) is independent of choice of polarization. 1 

4. The reduction of a product of compact Hamiltonian 

T- spaces 

We now restrict our attention to the case that 

1 = 1x7 

where X and Y are Hamiltonian T-spaces with isolated fixed points, 
and M is considered under the diagonal action on the product. Our 
main result in the compact case is Theorem 14.11 which may be viewed 
as a corollary to Theorem 13.21 or to the cobordism results of [7 .In 
section |H] we present two calculations using Theorem 14.11 

4.1. The pushforward satisfies a product rule. The class of the 
equivariant symplectic form on M may be written 

[&m] = [&x] B 1 + 1 B [&y] 

where u>x and ujy are equivariant symplectic forms on X and Y, re- 
spectively and the tensor product is that in (j3J). For simplicity, we 
assume that a = a M b, and consider the pushforward of a ■ e^ M ^ to a 
point. 

1 Note that individual terms of the ABBV fixed point theorem may not so easily 
be interpreted in this light. However the rational term i may be viewed as the 
generalized function -j^ as in [S]. 
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The fixed points of X x Y are pairs (p, q), where p G X T and q E Y T . 
By (J7J) we have 

pf(ae^) = p* xy (a B fe^-Ha^ 

= pf xy (ae^ K6e^) 

(p, g )ex T xy T e ^ 

where e( Pj<? ) is the equivariant Euler class of the normal bundle to (p, q) 
in X x Y . Since u^^X xY) = v p (X) © v q (Y), we have e( Pi(J ) = e p ■ e g , 
where e p and e q are the equivariant Euler classes of v p {X) and u q (Y), 
respectively. To simplify the numerator, we expand out the terms at 
the level of forms and using the formula (J7J) to obtain 

Ll q) (ae**®be*n = ><;(ae* x )Ll(be^). 

We have shown: 

Lemma 4.1. For all cohomology classes a e H^(X) and b e H^(Y), 
(11) P* xY (a El fte****) = pf (ae^)^^). 

Choose a polarization for the weights at all the fixed points of M. 
The weights appearing in the product are the union of the weights of 
the action on the tangent spaces to fixed points of X and of those to 
fixed points of Y. Thus a polarization of M is also a polarization of X 
and of Y. We Fourier transform Equation ([lip. By construction the 
distributions h 1 associated to the polarized weights of X and those of 
Y are supported on the same convex set. Thus the right hand side is 
a convolution of the Fourier transform of each of the two pushforward 
maps. In particular, we have shown that 

Theorem 4.1. Let X and Y be compact Hamiltonian T -spaces with 
isolated fixed point sets X T and Y T , respectively. Let M = X xY , and 
consider M a Hamiltonian T space under the diagonal action. Let Jx, 
Jy and Jm be defined as in Equation / fT^j) . For any class of the form 
a^beH*(M), 

J M {a®b){t) = j^Jx(a) * J Y {b){t) 

and, for regular values of t, 

J M (a B b)(t) = (2n) k I M (a M b)(t). 
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5. The linear case 

Suppose now that V is a 2n-dimensional symplectic vector space 
with Hamiltonian T-action and proper moment map 

fi-.V — ► t*. 

We assume also that is the only fixed point in V. The image n(V) 
lies in the convex cone given by {/x(0) +7j} where {7^} are the weights 
of the T action on V. Suppose that t is a regular value of /1 and as 
before let V t := // _1 (i)/T be the symplectic reduction of V at t. The 
spaces V t are termed weighted projective varieties when T = S 1 and 
toric orbifolds more generally. The Kirwan map 

Kt . H*(y) _ H*(V t ) 

remains surjective since \i is proper. Since V is contractible, 

H*(V)^H*( P t)^C[ Ul ,...,u k ] 

where k = dimT. Then any class on Vt is of the form Kt(a) where 
a = a- } v? is a polynomial in Ui, . . . , u k with complex coefficients. 

The linear analogue of Theorem 14.11 is not independent of polariza- 
tion, although the integrals one wants to compute are. Although the 
existence of such a formula may seem intuitive given the presentation 
of the distribution Jm{°)i the proof of Guillemin's theorem (Theorem 
13. 2j) relies on the fact that M is compact and, by the Jeffrey-Kirwan 
theorem, Jm{o) is compactly supported. In the linear case, the relevant 
distributions are supported on cones, and the Jeffrey-Kirwan theorem 
does not hold. In addition, there is no well-defined push-forward map 
for non-compactly supported equivariant forms. 

The key point in the linear case is that every cohomology class on V t is 
obtained by an appropriate derivative of e^, where u t is the inherited 
symplectic volume form on V t . Indeed, this is the tactic adopted in 
[To] , where the authors use these derivatives as a new technique to find 
the cohomology rings of (smooth) toric varieties, following the original 
work by <3J . We begin by proving the following lemma. 

Lemma 5.1. The forms tut depends linearly on t in a connected region 
of regular values of ji. More specifically, -gq^t — —^t(up) 

Proof. Let u t = uj <g> 1 + i . ((fj,,ej) — tj)<S)Uj, where tj are the constant 
coordinate functions on M. A direct calculation shows that d^t = 0, 
and that Kt(u)t) — &t f° r regular values of \i. Note that u t = uj — i^tj® 
Uj, where u = uj £g> 1 + i ej) <S> Uj. Thus uj = Cj t + i t j ® u j an d 

Kt(u) = Ul t + 1 tjK t (Uj) = uj'. 
j 
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Here u/ is some locally constant class over t on M t , as K t is a map on 
cohomology. Thus u t = to' — iJ2^j K t( u j) and -^-^t = —i K t( u p)- D 

Since integration over V t and the Kirwan map K t are topological 
maps, we obtain 

Jv t JM t Ot JM t 

Note that this argument works as well for a compact manifold M. 2 

It follows that for any monomial a = c ■ v? with c G C and j a 
multi-index, 

Kt (a) = c (i)lil^M^- 



where |j| = jx + • • • + Then 

j K t (ae^) = [ Kt(a)ef* = [ c{i)^&e Ut 

JVt JVt JVt 

on any cone of regular values of \i. We now analyze this integral in 
light of what is understood about symplectic volume. 

The condition that \i be proper assures us that the weights 71, . . . , 7„ 
of the T action on V are polarized, i.e. there exists £ G t such that 
7i(0 > for i — 1, . . . , n. Define as in Expression Q. In [T3], the 
authors show that 

(12) (27r) fc ^( ) * /i 7l * • • • * h 7n 

is a distribution equal to the symplectic volume of V t in the case that the 
T-action is free. In the locally free case, at least one vector 7$ = mjCtj, 
where m ; G ^ is greater than 1 and a,i is a unit weight. In this case, 
h 7i = ^-h ai (which can be checked by direct calculation) so the term 
(H2J) automatically picks up a term ™, where 5 is the generic stabilizer 
of T on V. We note also that the convolution is well-defined because 
there is a half-space on which all /i 7 . are supported. By differentiating 
the distribution (|T2*|) we obtain 

(-i) lil &8 m *k 71 *---*h ln (t)= [ K t {v?)e"\ 

JVt 

"^Differentiating (dimMt) times, one obtains the integral of a class independent 
of t, which is constant. It follows J M e UJt is locally polynomial in t with degree less 
than or equal to dimM t . This is the content of the Duistermaat-Heckman theorem 
□ 
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We define a distribution on t* by 



(13) J v {a) = (2n) k J2^H) lil D\S m * h 7l * • • • * h ln ) 



j 



where a = £\ °j uJ i s an equivariant cohomology class on V. We obtain 
the following linear version of the Jeffrey-Kirwan Abelian localization 
theorem: 

Theorem 5.1. Let V be a 2n- dimensional symplectic vector space with 
Hamiltonian T action, an isolated fixed point at 0, and a proper mo- 
ment map fi. Let 71, . . . ,7 n denote the weights of the action, and let 
V t denote the symplectic reduced space fort a regular value of \i. Then 
for all such regular values, 



for any equivariant cohomology class a 6 H^{V). 

Note that 1)13)1 looks like an individual term in (J10)) . but while the 
individual terms of (fTU|) depend on a choice of polarization, the expres- 
sion here does not. 

We now show the linear analogue of the compact convolution formula 
(Theorem 14.1)1 . A new subtlety arises without the compact assump- 
tion. Let (V,U)v) and (W, uiw) be two symplectic vector spaces with 
Hamiltonian T-actions and let \xy and nw be moment maps for V and 
W, respectively. The diagonal T-action on V and W has a moment 
map /j, — fly + fJ-w an d may not be proper. In fact, if aii, . . . , a n are 
the weights of the T action on V and /3i, . . . , (3 m are those on W, then 
the convolution h ai * ■ ■ ■ * h an * hp x ■ ■ ■ * hp m may not be well-defined. 

This can be fixed by changing the symplectic form on W, providing 
that the moment map \xy is proper. Let £ G t be such that (ay,£) > 
for all j. We note that W = ©jC^. where C^. is a 1-dimensional 
(complex) representation of T with weight j3j. This splitting is sym- 
plectic, so that we may find local coordinates (xj,yj) on such that 
u>w = Ylij A dyj. Then let 



3 

It follows that us' VxW = ujy ® 1 + 1 ®uj' w is a symplectic form on V x W 
with proper moment map given by 




(14) 




where we fix /iy(0) = /4p(0) = 0. We may conclude 
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Theorem 5.2. Let V and W be symplectic vector spaces with Hamil- 
tonian torus actions by T. Let . . . ,a n be the weights of this action 
on V and fii, . . . ,/3 m be the weights on W . Assume also (by changing 
the symplectic forms if necessary) that there is a proper moment map 
fi : V x W — > t* for the diagonal T action on V x W . Let aMb be an 
equivariant cohomology class onVxW that is homogeneous of degree 
dim(V x W)t- Then for regular values t of \i, 

(27r) fe f K t (a H b) = J V xw{a B b)(t) 

J(VxW) t 

and 

J V xw{a B &)(*) = j2^y: J v{a) * Jw{b) 
where the distributions Jyia) and Jw{b) are given by hlty . 

Note that the integral fny xW \ t K t(a M b) equals Iyxwi® ^ b)(t) (as 
defined in (J2J) since \i is proper and the degree of a M b equals the 
dimension of the reduced space. 

While the linear case seems extremely similar to the compact case, 
there are some differences that should be emphasized here. First, for 
the compact case, the polarization must be for all weights at all fixed 
points all at once. The corresponding distribution J M is independent of 
the polarization, while the individual terms are not. In contrast, in the 
linear case, the distribution Jy (or, rather, Jyxw) does indeed depend 
on the polarization. However, for V t to have meaning, we assumed 
that the moment map \xy is proper. The moment map can be made 
to be proper by changing the symplectic form as described above, or, 
equivalently, changing the signs of the weights of the action so that the 
convolution h ai * ■ ■ ■ * h an * hp x ■ ■ ■ * hp m is well-defined. Equivalently, 
one can choose a polarization as in Section 3, and orient the weights 
according to the polarization so that the convolution is well-defined. 
Thus for linear case (unlike the compact case), we choose a symplectic 
structure, thereby assigning meaning to (V x W)t when the moment 
map Hvxw is not a priori proper. 

6. COBORDISM 

Clearly the linear case provides a one-term version of the compact 
case. Off the set jj = for any j, the inverse Fourier transform of 
Jy(a) is (up to a constant) the rational function 

nr=i7i nr=i7* 
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which resembles a term in the localization theorem (jHJ) and lends com- 
putational strength to Theorem 14.11 However the compact case does 
not follow immediately from the linear case. Indeed, the cobordism 
results of [S] combined with the results of Section El imply the compact 
convolution formula. 

Let M be a compact, symplectic manifold with Hamiltonian T ac- 
tion, isolated fixed points M T , and moment map \i : M — > t*. For each 
fixed point F G M T , there is a linear isotropy action of T on TpM, 
and a symplectic form up given by (|14j). possibly different from the 
form uonM restricted to F. We use the same vector £ in choosing its 
symplectic form for each fixed point F. Each tangent space TpM has 
a proper moment map \ip which is unique up to a choice of constant. 
Fix /j, F (0) = /i(F). 

Theorem 6.1 ([6 ). Let M be a compact, symplectic manifold with 
Hamiltonian T action, isolated fixed points, and moment map \x : M — > 
t*. Let t be a regular value of fi. The reduced space M t is cobordant 
as a symplectic orbifold to a disjoint union of compact symplectic toric 
orbifolds. These orbifolds are the disjoint union of Mf := /^^ 1 (t)/T as 
F varies over all points in M T . 

It should be noted that cobordism of symplectic orbifolds carries the 
information of the moment map on M and that on each linear space 
TpM. In general some of the reduced space Mf are "obviously" empty, 
as the point of reduction is not in the image of //p. 

Integration is a cobordism invariant, which then implies that an inte- 
gral over M t can be evaluated by an integral over the disjoint union of 
Mf. These latter spaces are orbifolds obtained via symplectic reduc- 
tion of a vector space (and hence the methods of Section [5] apply) . In 
the previous section we showed how the integral of ae u over Mf (copies 
of Vt) are obtained from the distribution J m f(o), where the symplectic 
form may have been modified to ensure that this distribution is well- 
defined. The way that these forms are modified may be chosen to be 
according to the same polarization. Thus the linear case of the Jeffrey- 
Kirwan theorem and the cobordism result imply Guillemin's theorem 

In the interest of reproving the product convolution theorem 14. 11 we 
note that the fixed point sets of the product M = X x Y are pairs of 
points (p, q) with p G X T and q G Y T , and the tangent spaces satisfy 
Tr Piq )M = T p X © T q Y. It then follows that the integral of ^(ae u ) 
over M t can be obtained by sums of the same map over the reduced 
spaces associated to T P X © T q Y with the changed symplectic structure 
described. The linear case proven in Section El shows that integrals 
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over the reduction of T( Pi9 )M are obtained via a convolution, and then 
cobordism again (along with linearity of the convolution) lead us to 
PI 

7. Non-isolated fixed points 

All of the theorems we mention here have generalizations to non- 
isolated fixed points, although few of the simplifications (such as a way 
of writing an Euler class as a product of weights) carry over to the case 
of non-isolated fixed points. First we note that Theorem 16. II is true for 
non-isolated fixed points, with the toric orbifolds Mf replaced by toric 
orbifold bundles over each connected component F of the fixed point 
set. The ABBV formula for the pushforward also holds more generally, 
with an integral over the fixed point set inserted for each component of 
the fixed point set. Thus the cobordism result combined with a linear 
theorem regarding vector bundles (rather than vector spaces) would 
imply a version of Theorem 1.121 in the compact case with non-isolated 
fixed points. Following the same proof as in this article, a non-isolated 
fixed point version of 14.11 would then follow. For M = X x Y, each 
component of the fixed point set M T is a product of two connected 
components P and Q of the fixed point sets of X and Y, respectively. 
Thus it remains true that V(p^M = vpX © vqY, and hence there is 
a multiplicative property of their equivariant Euler classes. The key 
problem (still unanswered as far as the authors are aware) then, is to 
prove a non-compact version of the Jeffrey-Kirwan residue formula for 
vector bundles over non-isolated fixed point sets. 

8. Examples 

We explore two examples, mainly the symplectic reduction of a prod- 
uct of 2-spheres (by a circle) and the reduction of a product of CP 2 (by 
a 2-torus). The ring structures of these products have been studied by 
[TH] in the first case, more generally by [23] for reductions of S 1 actions 
on the product of CP n s, and by the author [8 for a product of CP n s, 
reduced by a nonabelian group. 

8.1. Symplectic reduction of a product of 2-spheres. Let (S 2 ,u) 
be the 2-sphere with symplectic form u. Let S 1 act on S 2 in a Hamil- 
tonian fashion with fixed point set {N, S}. We choose u so that there 
is a moment map 

Us* :S 2 — > R 

with [i S 2(N) = 1 and fis 2 (S) — ~ 1- We assume also that S 1 acts on 
the tangent space T N S 2 with weight 1 and on T S S 2 with weight -1. 
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Recall that for any Hamiltonian T-space the map 
i* : iZ£(M) — ► H^(M T ) 



induced by the inclusion M T <^-> M of the fixed point set is an injection. 
Thus when M = S 2 , the equivariant symplectic class is determined by 
a class on N and a class on S. Note that in the S 1 case, 



Let v be such the equivariant symplectic class with the properties 



Note that v is degree 2. 

We now apply Theorem HH] to M = S 2 x • • • x S 2 = (S 2 ) n with n odd, 
and a = z/ fcl KI- • •Mv kn , where kj = n—1 = | dim(S' 2 )o and the tensor 
product M is taken over the module H^ipt) (see Appendix|XJ). We then 
use this calculation to find the symplectic volume of the reduction 
Mq = {S 2 )'q. A similar calculation on this moduli space can be found 
in Notice that n odd implies that is a regular value of (/,m = 

H S 2 H h/i 5 2- 

Since is regular, 



Hgi(N) = H* S1 (S) = C[u] 



J (M 

and by Theorem 14.11 we have 




J M (zA El • • • B zA) = J^^i) * ... * J 52 (zA). 



We evaluate this convolution: Theorem 13.21 implies that 



pT{^e*s*) = 2mF- l {J s *{^)) 

u kl e lu (—u) kl e~ v 
= + 



u 





n—m 
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where m is the number of odd k/s and n — m is the number of even 
fcj's. Using = n — 1 we simplify this expression 

e isu e 




n — m 
r 



i(rn—s)u \ I \ J j iru —i(n—rn—r)u I i \n- 

/ -^yn—m—r^i(2s+2r—n)u 



For regular values of /xm we note that jF(p^ f (ae u ' M ))(t) = 2ni Jm (a) (t) 
27ri ■ 27r/^/(a)(t), where a = z/ fcl K • • • M v kn . We Fourier transform this 

expression by noting that JF ( ) = 27T02 S +2r— n * h up to a dis- 
tribution supported on the lattice points of t*, where h(t) is the step 
function h(t) = for t < and h(t) = 1 for t > 0. For t = there is a 
contribution whenever s + r < ~. Note also that if m is the number of 
odd ki, and n is odd, then ^ fcj = n — 1 is even and m must be even. 
Then n — m must be odd and (— i)"- m - r = (— l) r_1 . Therefore, 



as, / ^ H ... H ^)= e r)("- r m )(-i 



r-l 



To find the symplectic volume of this product, we note that the equi- 
variant symplectic form on M = (S 2 ) n is 

com = 

j 

where v occurs in the jth position of the jth term of the sum. The 
symplectic volume form on the reduced space (S 2 )q is obtained from 
the Kirwan map kq applied to - 3 Thus the symplectic volume 

is a sum of terms of the form (|T5|) . 

8.2. Symplectic reduction of a product of CP 2 's. Consider now 
the symplectic manifold (CP 2 ,uj) with a T 2 Hamiltonian action fixing 
points {iV, S, E} and moment map 

/i C p2 : CP 2 — ► R 2 

in which fi CP 2(N) = (-1,2), fi C P 2 (S) = (-1,-1), and ix CP 2{E) = 
(2,-1). We use Theorem 14.11 to find the symplectic volume of the 
reduced space (CP 2 x CP 2 ) . 

We describe the equivariant symplectic form on CP 2 by its restriction 
to the fixed point set, where 

H T (N) = #*(£) = H£(E) = C[mi,u 2 ]. 

3 Note that this statement is only true in the case of reduction at 0. 
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Choose v with the properties that 

l *n( u ) — ~ u i + 2m 2, l*s(v) = -Mi - u 2 , and l* e {v) = 2u\ - u 2 . 

The reduced space (CP 2 x CP 2 )o has dimension 4, so we need to cal- 
culate the integral of kq((v <g> 1 + 1 <g> vf /2) over (CP 2 x CP 2 ) . We 
instead find the pushforward of [{v ® 1 + 1 <g) z/) 2 /2][a)]). Note that the 
term exp(u>) serves only as a place-holder for each fixed point contri- 
bution. Thus we calculate the pushforward by restricting to the fixed 
points. Note that 

(U® 1 + 1 ® vf 1 , 2 2 , 

a = = - (z/ 2 <g> 1 + 2v <g> i/ + 1 <g> i/ 2 ) 

We begin with the contribution at the fixed point (S, S). 

a \(s,s) = ^ ((-""l - u 2 ) 2 <S> 1 + 2(-1ii - u 2 ) ® (-Mi -u 2 ) + l<8> (-Mi - M 
= 2u\ + 4-U!-u 2 + 2-u 2 . 

We divide this restriction by the equivariant Euler class at (S,S), 
which is described by the products of the weights of the action. In this 
case, e(s,s) = u\u\. Thus the contribution to the ABBV pushforward 
is 

{2u\ + Au\u 2 + 2tij)e-** + "> = 2 ( L + 2 J_ + ±\ e -i(, 1+4Ba )_ 

U\U2 \ u 2 U\U2 ufj 

We know by the linear story that we may Fourier transform this ra- 
tional function (assuming a polarization) and find the contribution to 
the integral at for this fixed point. We note that ^e^ Xl+X2 ^ and 
_^ e -*0i+:E2) Fourier transform into distributions supported on walls of 

the moment polytope, mainly on the lines U\ — — 1 and u 2 = —1, re- 
spectively. Thus they do not contribute to the integral. In contrast, 
the term -J^e~^ Xl+X2 ' contributes "1" on its support, which is the first 
quadrant out of the point (—1,-1) on t*. Thus the contribution of this 
class at (S, S) to the integral at is 4. 

Similarly we calculate the contributions of the other points. At both 
(S, E) and (E, S) we obtain the restriction 

a\(s,E) = \ (l <S> (2ui - u 2 ) 2 + 2(-ui - u 2 ) <g> (2u ± - u 2 ) + (-u x - u 2 ) 2 <8> 

= i(w 2 - Au^ + Auj). 
The equivariant Euler classes are: 

e(s,E) = e( E ,S) = -u\u 2 (u 2 - Mi) 
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and so the contribution of each point to the integral of kq (a) over 
CP 2 x CP 2 ) is 



ll u\ - Auiu 2 + iu%) 



2 



-u\u 2 {u 2 - Ui) 

We simplify and break up terms by partial fractions to obtain 

_ e i(x 1 -2x 2 ) 1 ( 1 1 4«, 



2 \u 2 (u 2 - ui) ui{u 2 —ux) u\{u 2 -ux) 

- e .(— ) I ( , 1 , _ , 4 , + 1 + 



2 \ u 2(«2 U\{u 2 — U\) u\ U\{u 2 — U\) i 

The contribution at is then — 1(1 — 4 + 4) = — ~ since is in the 
span of all the cones at (1,-2) indicated by the denominators except 
the term Thus the points (S,E) and (E,S) contribute a total of 
-1 to the symplectic volume. We now note that no other fixed points 
contribute to integrals over (CP 2 x CP 2 )o since the polarized cones out 
of other points do not contain 0. The symplectic volume of a product 
of two copies of CP 2 (with the given symplectic form) reduced by a 
diagonal T action is 4 — 1 = 3. 



Appendix A. The Equivariant Kunneth Theorem 

The following theorem is well-known to those who study equivari- 
antly formal spaces, and hints toward other proofs can be found, for 
example, in [15] . The authors have been unable to find a satisfactory 
proof in the literature. 

Theorem A.l (Equivariant Kunneth Theorem). Let X and Y be 

Hamiltonian T -spaces. Then in rational cohomology, 

H* T {X xY) = H* T {X) ® H * Tkpt) H* T {Y) 

as rings. 

Proof. Let Mt = M Xj> ET be a bundle over BT with fiber M, where 
ET is a homotopically trivial space with a free T action and BT is 
the quotient ET/T. This is sometimes called the Borel space associ- 
ated to a T-space M. The singular cohomology of My is isomorphic 
to the equivariant Cartan cohomology H^(M) described in Section 
12.11 lj. For a Hamiltonian T-space M, the Leray-Serre spectral se- 
quence associated to the bundle Mt collapses at the E 2 term. Thus 
H T (M) = H*(M)®H T (pt) as modules over H£(pt) (and generally not 
as rings). In the case that M = X x Y is a product of two Hamil- 
tonian T-spaces considered under the diagonal T action, this module 
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isomorphism combined with the ordinary Kiinneth theorem implies 
H*(X x F) = H* T {X) ® H ^ pt) H* T {Y) 

as modules. 

To show the ring isomorphism, we find a map h : H^(X) ®h* 
H^(Y) — > H^(X x Y). Consider the commutative diagram 



(X x Y) T 



Xn 



7T2 



TTx 



Y T 



BT 



We show that the surjective map ir^ <g> 7r| : H*(X T ) <g> H*(Y T ) 
H*((X x F) T ) descends to a map 

/i : H*(X T ) ® H *(BT) H*(Y T ) — > #*((X x Y». 

Let u G H*(BT). Then tt^(m) G iJ*(X T ) and 

7r* ® ^(a • Tt* x {u) <S> b) — nl(a)niftx( u )' K 2(b) 

= 7^(0)7^74(^)7^(0) 

= 7T* ® 7T2 (a ® 7Ty(-u) • 6), 

which proves that ft, exists and is an isomorphism of rings. 



□ 
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